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Group A
Integral Transform

Answer any four questions from question no. 1-6. [4 x 5]

1. State the formula of Laplace transform of the n-th derivative of a function. Hence evaluate
L [t6], given that L [t3] = 6

p4
. [2+3]

2. Use the convolution theorem to evaluate L−1
[

p2

(p2+a2)2

]
.

3. By applying Laplace transform, solve the following simultaneous ordinary differential equation.
(D − 2)x(t) + 3y(t) = 0

2x(t) + 3(D − 1)y(t) = 0

}
t > 0 where D ≡ d

dt
, subject to the conditions x(0) = 8, y(0) = 3.

4. Find the complex Fourier transform of F (x) =

{
(1− x2), |x| ≤ 1
0, x > 1

and hence evaluate∫ ∞
0

[
x cosx− sinx

x3

]
cos

x

2
dx.



5. Find the Fourier sine transform e−x and hence prove that

∫ ∞
0

t sin tx

1 + t2
dt =

π

2
e−x.

6. Solve ∂u(x,t)
∂t

= ∂2u(x,t)
∂x2

, x > 0, t > 0 subject to the condition u(0, t) = 0, u(x, 0) =

{
1, 0 < x < 1
0, x > 1

;

u(x, t) is bounded.

Group B
Integral Equation

Answer any two questions from question no. 7 to 9. [2 x 7.5]

7. Solve the following Fredholm integral equation with the help of resolvent kernel:

y(x) = 1 + λ

∫ 1

0

(1− 3xt)y(t)dt.

8. Find the value of λ for which the following integral equation has a non-trivial solution:

u(x) = λ

∫ π

0

K(x, t)u(t)dt; x ∈ [0, π]

where

K(x, t) =

{
sinx cos t, when 0 ≤ x ≤ t
sin t cosx, when t ≤ x ≤ π.

9. (a) Solve: φ(x) = cos x+ λ

∫ π

0

(sinx)φ(t)dt. [2.5]

(b) Solve the following integro-differential equation :

g′(x) + 5

∫ x

0

(cos 2(x− t)) g(t)dt = 10. [5]

Group C
Calculus of Variation

Answer any two questions from question no. 10 to 12. [2 x 7.5]

10. (a) Find the extremal of the functional

∫ 1

0

((y′)2 + (z′)2 + 4z)dx that satisfy the boundary

conditions y(0) = 0, y(1) = 1, z(0) = 0 and z(1) = 0. [5]

(b) Find the second variation of the functional

∫ x2

x1

(6y + 79)dx. [2.5]

11. (a) Find the Euler-Ostrogradsky equation for

I [z(x, y)] =

∫∫
D

[(
∂2z

∂x2

)2

+

(
∂2z

∂y2

)2

+ 2

(
∂2z

∂x∂y

)2

− 2zf(x, y)

]
dxdy. [2.5]

(b) Find the extremal of the functional I [y(x)] =

∫ x2

x1

(y2 + (y′)2 + 2yex)dx. [5]

12. Find the shortest distance between y2 = 4x and the straight line x+ y = −5.
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